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Let V = V(Z[ G]) denote the group of normalized units in the integral group ring 
Z[G] of the finite group G. In this paper, we show that G has a torsion-free normal 
complement N in V provided G is either the circie group of a &potent ring or tkat 
G has an abelian subgroup of index at most 2. The main difficulty is to prove in the 
latter case that N is torsion-free. 
Let U = U(Z[G]) denote the group of units of the integral group ring 
Z[G] of the finite group G. If 
V= V(Z[G]) = Un (1 + w(G)), 
where w(G) denotes the augmentation ideai of ZIG], then V is tzaileal .the 
group of normalized units of Z[G], U= { rt 11 x V and V 2 G. 
G has a torsion-free normal complement N in V. Then c 
I* Conversely, let M be any tars’ 
=/G/. Then GnM= (1) since 
since [V:M]=]G]= [MG:M]. Thus we see tllat G- 
Furthermore, since Z[G] determines both V and / G /) we tbe~$fore have 
In other words, the existence of a torsion-free normal ~~m~lerne~t for G in 
V yields an affirmative solution to the isomorpbism problem fo 
we are motivated to ask whether such normal complements alwa 
question of the existence of normal complements N (torsion-fre 
initiated independently by Sandling [8] and Dermis [2] 
cases of circle groups and abelian groups res~e~tively~ 
groups of small order were obtained in [l, 4, 71 via explicit ~al~u~at~o~s of 
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214 PASSMANAND SMITH 
the unit groups. Furthermore, Sandling obtained an analog of the above 
lemma in case N is determined by an ideal. 
In this paper we prove that G has a torsion-free normal complement in V 
if G is either the circle group of a nilpotent ring or if G has an abelian 
subgroup of index at most 2. The former result is quite easy and so is the 
existence of the normal complement in the latter case. The main difficulty is 
to prove that the given normal complement is torsion-free. An induction 
argument reduces these considerations to the dihedral groups of order 2p”, 
for p an odd prime, and here we are able to explicitly compute a certain 
normal subgroup of V(Z[G]). Furthermore, we can then show that this, 
group has a certain torsion-free normal subgroup of finite index, and from 
this the result follows quite easily. As an additional consequence of this 
computation, we obtain a description of U(Z[G]) for G dihedral of order 2p, 
thereby generalizing the result of [4] on groups of order 6. 
Finally, we note that the existence of normal complements does not carry 
over to modular group algebras. Indeed, the recent result of Ivory [5] asserts 
that if G is a group of ord,er 2” > 16 which is dihedral, semidihedral, or 
quaternion, then G does not have a normal complement in V(GF(2) [G]). 
This is all the more interesting since these groups all have abelian subgroups 
of index 2. 
1. NILPOTENT GROUPS 
In this section we begin our work on normal complements. In particular, if 
G is the circle group of a nilpotent ring, we show that G has a torsion-free 
normal complement in V(Z[G]). Furthermore, we obtain an interesting 
observation for arbitrary nilpotent groups and we prove the existence of 
normal complements in V if G has a normal abelian subgroup of small 
index. The following lemma is perhaps the only result of any generality 
concerning units of finite order (see [9, pp. 2-3 and Corollary 11.1.31). Here 
Q[ G] denotes the group algebra of the finite group G over the field Q of 
rational numbers. 
LEMMA 1.1 (Berman). Let a E Z[G] and let IGI = m. 
(i) rn.tra=E,+sZ+... + E, where {.zi} is the set of eigenvalues of 
a in its regular representation on Q[G]. 
(ii) If a is a unit of Z[G] of finite order, then either a = f 1 or tr 
a = 0. 
This has the following two rather simple consequences. The first is not 
really needed here, but it does indicate that large torsion-free normal 
subgroups do exist. 
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LEMMA 1.2. For any group G, U(Z[ 
~~bgro~~ of finite index. 
ProoJ Choose any prime p > 2 and consider the ~at~~a~ 
Z[Gj --+ GF(p)[G]. If N denotes the set of units in Z[ ] which map to 1 
en clearly N (1 U(Z[G]) and [U: N] < 00 since 
oreover, observe that if a E N, then tr a E 1 mod 
therefore fsllows from Lemma 1.1 (ii) that either a has infinite order or a = I / 
If H is a subgroup of G, we let w(H, G) enote the right ideal 
u(H). Z[G] of ZIG]. 
tEMMA 1.3. Let W be a central subgroup ofG* If a is a unit ofZ[ 
finite order corztained in 
ihen a = x for some x E W. 
PPQOS, Write a =p + y with Supp/3 E W and Supp YE G\ 
clearly DE 1 +w(W) so P+Q and we can 
x E Supp /3 = WA Supp a. Since x is a central unit of finite order, x-“a is 
erefore a unit of Z[G] of finite order with tr 
mma I.l(ii), x-la = rtl and a = *x. But a E 1 + 
we must have a =x. 
be a finite ring and let I be a nilpotent ideal of R. Then G = 
nilpotent group called the circle group of the ~il~oten~ 
Observe that if g, = 1 + i, and g, = 1 + i, are elements of G, then 
g, g, = (1 + QU + id 
= 1 + i, + i, + i,i, = 1 + ii 0 i, 
where the circle product 0 is defined as indicated. 
groups is as follows. 
THEOREM 1.4. Let G N 1 + I be the circle group of the ~ilpote~t ideal I. 
Then G has a torsionfree normal complement in V(Z[G]). 
Proof: Let R and I be given and let 8: G --+ I + I denote the given 
isomorphism. Then we can extend 0 to the ring ho~~omor~bism 0: Z[G] -+ 
and we set N = Ia E WWI) I @-4 = 1) so that N (i V. Since 8 is an 
isomorphism when restricted to G, we have Nn G = (1) ~~rtberrn~~~ 
suppose a = C a,g E V. Then C a, = 1 so O(a) = 1 + i for some i E I an 
hence there exists x E G with /3(a) = 19(x). This implies that MX-’ E N so 
a E NG and we conclude that N is a normal corn~~erne~~ for G in V. 
We show that N is torsion-free by induction on / G] = 111, the result being 
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trivial for ]Z/ = 1. Thus suppose Z # 0 and say Zk # 0 but Zktl = 0. Let J = lk 
so that J is a nonzero ideal of R, let u: R -+ R/J be the natural 
homomorphism and consider the combined epimorphism 
GA 1 +Zm, 1 + a(Z). 
Since JI = ZJ = 0, 1 + J is central in 1 + Z and hence the kernel of the above 
map, namely, IV ‘(1 + J) = W, is central in G. 
If r: G -+ G/W denotes the natural map, then it follows from the above 
that there exists an isomorphism ~1 with 
G ---G 1+z 
T 
i I 
L7 
G/W7 1 + o(Z) 
a commutative diagram. In particular we see that G/W- 1 + o(Z), so G/W 
is the circle group of the nilpotent ideal o(Z) of o(R) and la(Z)] < IZ(. 
Moreover the above maps extend to ring homomorphisms to yield the 
commutative diagram 
Finally let CY EN have finite order so that B(a) = 1 and hence pr(o) = 
00(o) = 1. Thus r(o) E Z[G/W] is a unit of finite order contained in 
1P E W[G/Wl) Id/3 = 11. 
By induction we conclude that the latter group is torsion-free and therefore 
r(a) = 1. But this says that a E 1 + o( W, G) so Lemma 1.3 implies that 
cr=xEW~G.Ontheotherhand,aENandNnG=(l),soweconclude 
that E = 1 and the theorem is proved. 
We remark that any finite p-group G is contained in a suitable p-group 
circle group. Indeed, the augmentation ideal of GF(p)[G] is nilpotent and 
G E 1 + w(GF(p)[G]). In. order to construct complements for other classes 
of groups, we require the following well-known result (see [6, Lemma 14.2.4, 
proof]). 
LEMMA 1.5 (Whitcomb). Let A be a normal abelian subgroup of G. 
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(i) q-a= {to, tl,..., t,} is a tr~nsvers~l~r A in G wiE~ t, = 1, then 
co(A) . o(G) = w(A)* + c w(A) . (ti - 1). 
i>O 
(ii) If M E 1 + co@, G), then there exists QEA with 
CK-* E 1+ w(A). co(G). 
(iii) A CT (1 + w(A) a w(G)) = (1). 
Using this and an argument similar to that of Theorem I.4 we 0 
1+ w(A) ’ o(G), 
then n = 9. 
e proceed by induction on jA /, the case IA / = 1 being trivial. 
(1) so that A fl3(6) = Wf (1) since G is nilpotent. Let 
denote the natural map and extend this to the rin 
m -: Z[G] -+ Z[G]. Th en 12 is a unit of finite order Fontaine 
in 1 + co@) . w(E) so we conclude by i~d~~t~o~ that 6= I. Thus 
M E Ii + CO(W~ 6) and Lemma I.3 implies that a =x E Wjrg A, Thus CL E A 1~ 
(1 + w(A). w(G)) and a = I by Lemma E.S(iii). 
A simple consequence of the above two lemmas is 
LEMMA 1.7. Let K s P-I be normal subgroups of G with H/K ~be~~~~ and 
define 
W=Vrl(lSo 
X= Vn (I -I- w(H). o(G) + w 
Y= vn (1 + w(K, 6)). 
Then Y G XC W are normal subgroups of V with W = 
hence with W/X N H/K. Furthermore if G is ~il~~~e~t~ then X/Y is torsion- 
free. 
ProoJ: Observe that each of W, X and Y is of the form Yf’? (I + I) for 
some ideal 1 of Z[ G] and hence Y CXC_ W are normal s~bgro~~~ of V. 
Furthermore, in each case II> w(K, G) and the latter OF tour 
of the homomorphism - : Z[G] -+ Z[G/K]. By as~~mptio~~ 
normal abelian subgroup of G = G/K. 
Note that HE W and that K s X fTH. Let a E Then EE a7fY 
218 PASSMANAND SMITH 
(1 + ~(4, G)) so Lemma lS(ii) implies that isa-’ E rn (1 + o(A) . o(c)) 
for some a EA. Lifting this back to Z[G], we see that there exists h E H 
with 
ah-’ E vn (1 + w(H). w(G) + w(K, G)) =X. 
Thus (r E XH and W = XH. On the other hand, if h E Xn H, then 
EE Xn n so FE A n (1 + o(A) . w(G)). Thus &= 1, by Lemma 1.5(iii), so 
Xn H = K and we conclude that 
W/X = XH/X N H/(X n H) = H/K. 
Finally suppose G is nilpotent and let a E X have finite order modulo Y. 
Then E E 1 + o(A) . o(G) and certainly Cr is a unit of Z[c] of finite order. 
The previous lemma now implies that d = 1 and hence that CL E Y. In other 
words, X/Y is torsion-free. 
We can now deduce a result for nilpotent groups which at least suggests 
that the general torsion-free normal complement problem might have an 
affirmative solution here. 
PROPOSITION 1.8. Let G be a nilpotent group and let 
be a normal series for G with abelian quotients. Then V= V(Z[G]) has a 
normal series 
with Vi+ I/Xi Y Gi, JG, and with Xi/Vi torsion-free. 
ProoJ: For each appropriate i let 
Xi= Vn (1 + w(Gi.1) . w(G) +w(Gi, G)), 
vi = vn (1 + w(G~, G)). 
The result now follows immediately from Lemma 1.7 by setting H = Gi+l 
and K = Gi. 
In particular if n = 1, we obtain the result of Dennis [2] which asserts that 
if G is abelian, then G has a torsion-free normal complement in V(Z[G]). 
More generally, the argument of Lemma 1.7 can be used to construct normal 
complements provided G/A is particularly nice. 
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LEMMA 1.9. Let A be a normal abelian s~bg~~~~~ oJ G and suppose that 
ZIG/A ] has only trivial units. Then 
N= vn (1+ w(A). w(G)) 
is a normal complement for G in V = V(Z[ G I>* 
ProclJ: Since w(A) . W(G) is an ideal of Z[G], N is a normal subgroup of 
Ve If gEMnG, then gE 1 +w(A,G), so certainly g E A an 
by Lemma I.S(iii). Finally let a E V and let -: Z[G] -+Z[G/4] be the 
natural homomorphism. Then ti E V(Z[G/4]) = G/A, by assumption, so 
ere exists g E G with C = g and hence erg-’ E I + w(,Cet 6). ~~rtbe~rn~~~~ 
by Lemma 1.5(ii), there exists a EA with cegP1a-r E 1 t o(4) . co(G). Thus 
“& -‘a- ’ E W and we conclude that V = NG. 
A classification of the integral group rings with only trivial units is a 
result of Higman (see [9, Theorem II.4. I I>. In particular, since these include 
the integral group ring of the group of order 2, we have 
LEMMA 1.10. Let A be a normal abelian s~bg~Q~~ of G of index 
N= vn (1+ w(A) - w(G)) 
is a na~rnal complement for G in V = V(Z[G]). 
In some sense, the remainder of this paper is devoted to s~o~i~~ that N, 
as given above, is torsion-free. 
2. CYCLIC GROUPS 
Our study of groups with abelian subgroups of index 2 ultimately rests 
upon certain explicit computations in the group rings of dihedral grou 
G =4(t) with A cyclic of order pn, p > 2. We start is work here by 
considering Z[A ] and its relation to the ring of algebraic 
E is a primitive p”th root of unity. As is well known, Z[tl] can be describ 
as a certain subdirect sum of rings, and since we are interested in uni%s, the 
following will be useful. 
EEMMA 2.1. Let R,, R, and T be r gs and let 7i: : R, --) T an 
z -+ T be ~OmQmorp~isms. Let S c R 1 0 
s = (G-1 3 r2) I M-1) = %lf-di- 
Then S is a subring of R , 0 R, and 
u(S) = i (rl 1 r2) I ri E u(Ri) and %@I> = +-*)I* 
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Proof. It is clear that S is a subring of R, 0 R,. Now let (rl, r2) E U(S). 
Then certainly ri E U(R,) and n,(rl) = x&J. Conversely let r, and r2 satisfy 
the given conditions. Then r; ’ E R i and 
X1(r;‘) = 7cL,(rJ1 = 7c2(rJ1 = 71#;l). 
Thus (r;‘, r;‘) E S and (rl, rJ is a unit of S. 
For the remainder of this section we fix the following notation: 
p > 2 is a prime, 
A = (a) is cyclic of order p”, 
b = up”-’ and B = (b), 
E is a complex primitive p”th root of unity, 
6 = .@-‘. 
For the most part, the assumption p > 2 is merely a convenience. 
LEMMA 2.2. There exists a unique epimorphism 
u: Z[A] --+ Z[&] 
given by o(a) = E. The kernel of o is the principal ideal generated by B = 
x:-lb’. 
Proof. The map o: A -+ (a) given by u(a) = E is a group isomorphism of 
A with a subgroup of the group of units of Z[E]. Thus the map extends to a 
ring homomorphism c: Z[A] --t Z[E]. It remains to compute the kernel of u. 
Set m =pnpl - 1, let a E Z[A] and write a = CT aiai with a, E Z[B]. Then 
a(a) = Cr cr(ai)ci and of course c(ai) E Z[S]. Since (Q(e): Q(6)) =p*-‘, the 
elements ci with 0 < i < m are linearly independent over Z[6] and thus we 
see that a(a) = 0 if and only if o(ai) = 0 for all i. But ai = ci-‘Sjd with 
Sj E Z, SO we see that 
P-1 
O=a(ai)= C Sj6' 
0 
can occur if and only if all sj are equal. Since B = Et-’ d, the result 
follows. 
LEMMA 2.3. There exists a unique epimorphism 
7~: Z[E] --f GF(p) [A/B] 
given by Z(E) = aB E A/B. The kernel of z is the principal ideal generated by 
(8 - 6-l). Furthermore, (E - e-l) is not a unit in Z[e]. 
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There is a natural epimorphism 5: ] given by 
E A/B. Since lB/ =p, we have C(8) emma 2.2, 
is map factors through Z[E]. In other words, there exists a ~~rnorno~~ 
71: %[E] -+ GF(p) [A/B] given by E(E) = aB. 
For any i > 0 we have i = j +p”-“k with 0 <j < $-’ and hence si = $8* 
Ht follows that .Z[c] = Ct 2[8]Ei, where we 
r E Z]e] and write Y = Cr rj$ with rj E Z[S]. 
the elements a($), being the distinct element 
independent, we see that n(r) = 0 if and only 
find ker R it suffices to find the kernel of the 
Z[l+] + GF(p) given by f(6) = 1. 
Now certainly 1 - 6 E ker 5 and if Y E Z[2+ 
some s E Z[S], t E Z, Thus r E ker Z if and only if t er 77 and hence if 
only if ~11. Therefore to show that ker 75 = (1 - S) 
that p E (I - 6) Z[S]. But this follows since the cycl~tomic ~oly~~rnial q&x) 
for 6 satisfies 
Thus we conclude that ker 7?= (l- 
Z[E]. Since p is odd, 1 - 6 is an as 
that kern=(6-6-“)Z[e]. 
hence that ker 7t = (I - 6) 
-.~-“>=-p(I-~2) so 
Finally Z(E - e-‘) E w(GF(p) [A/B])) so (E - E-‘) is not a unit in 
As we will see in Section 4, we use the fact that (E - E- ‘) is nst a unit at a 
crucial point in our proof that a certain matrix group is torsion-freed 
Therefore it is interesting to note that if 5 is a primitive mth root of unity 
and if m is not a prime power, then 1 - [ is a unit in Z[{]. 
For the remainder of this section we let o and 7~ be as iyen in the above 
two lemmas. Furthermore we let 
e the natural epimorphisms. We can now offer a partial descri 
ZPI. 
LEMMA 2.4. The map 
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is an isomorphism of Z[A] with the subring S of Z[c] 0 Z[A/B] given by 
s = {(x3 Y>I4X) =P(Y>l. 
ProoJ: Certainly CJ @ r is a homomorphism of Z[A] into Z[E] @ Z[A/B]. 
We must show that its image is 5’ and that its kernel is zero. For the latter, 
suppose a E ker(a @ r). Then o(o) = 0 so CI =@ for some p E Z[A], by 
Lemma 2.2. Moreover 
0 = r(a) = r(p) z(B) = p@) 
so r@) = 0. Hence p E ker r = w(B, A) and since B . w(B) = 0, we have 
a = 0. 
Next observe that the combined homomorphisms XCJ and pz both map 
Z[A ] to GF(p) [A/B] and rcc(u) = aB = pz(a). Thus xu = pz. In particular, if 
GI E Z[A] and (a @ r)(a) = (x, y) then 
7(X) = 7ru(a) = pz(a) = p( y) 
and hence the image of o @ r is contained in S. 
Finally, let (x, y) E S so that X(X) = p(y). Since u is onto, choose 
/I E Z[A] with o@) =x. Then 
P@> = dn = $x1 = P(Y) 
and we see that z@l) -y E ker p =pZ[A/B]. Since r is onto, r@) -y =pz(y) 
for some y E Z[A], and we set a =/~-BY. Observe that B E ker o so o(o) = 
a@) =x. On the other hand, since r(B) =p we have r(a) = r@) -pz(y) = y. 
Thus (o @ r)(a) = (x, y) so the image of CJ @ r is S and the result follows. 
In the remainder of this section we discuss additional properties of Z[E] 
and the map z 
LEMMA 2.5. Z[E + ~~~1 is the real subring of Z[E] and we have 
Z[&] = Z[& + Ed] 0 Z[& + &cl]&-‘. 
Proof. It follows by induction on i > 1 from the identity 
E it1 + E-(i+l) = cE + E-l)(Ei + E-i) _ cEi-l + ,-(i-1)) 
that ei + sPi E Z[E + e-l]. Since (Ei - E-j)/(a - F-‘) for any j > 0 is easily 
seen to be a sum of terms of the form ai + a-i, we therefore have 
(Ei - E-q/(& - E-l) E Z[& + E-l]. Hence for any c E Z[&l, 
(C-~)/(&-&-l)EZIE+E-l 1, where F denotes the complex conjugate of c. 
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Now given a E Z[e], define 
a8 - a& a-u 
x= c-e-1 3 Y= -----T E--E 
so that x, y E Z[E + c-l] by the above. Since one has easily a =x --Jc’ we 
deduce that 
Z[&] =z[& + E-y + Z[& + EdIF? 
The directness of this sum and the fact that Z[F + E- “] is the real subsing of 
Z[e] follow immediately since Z[e + E-‘] is real 
b3MMA 2.6. The kernel of the restriction 
71: Z[E + E-y -+ m-(p) [A/B] 
is the principal ideal generated by (6 - 6- I)(& - E “)- 
Clearly (6 - S-~)(E - C’) is a real element tained in ker 71. 
let aEkerz with aEZ[E+Ep’]. Lemma 2.3, 
and, by the preceding lemma, .Z[e] =Z[F + E-I] + 
Z[E f dj~+. Thus 
a=(b+c~-‘)(6-6~~) 
for some 6, c E Z[E + ~“1. Since a, b, and c are real, conjugating the 
expression yields 
a = -(b + c&)(6 - 6- “) 
and adding these two we obtain 
2a = -c(c - C”)(is - 6-l). 
and we need only show that c/2 E z[e + EC’]. 
Observe that 6 -6-l = E4 - Cq is a multipie of F -EC” where q =pn+‘” 
Thus by Lemma 2.3 we see that 
pE(6-6-‘)Z[&]C_(E-eE-)Z[&j, 
so clearly 
p2 = d(E - E-“)(J - Sp’> 
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for some d E Z[E]. Since d is real, d E Z[E + E-‘I. Now p is odd so there is 
a linear combination of p* and 2 which add to 1 and this yields 
l=f(&-&-‘)(6-R’)+2g 
for suitable f, g E Z[E + E-‘I. Multiplying this equation by c/2 we conclude 
that 
c/2 =f(C/2)(& - E - ‘)(6 - s- ‘) + cg 
=--fa+gcEZ[E+E-‘]. 
Thus the lemma is proved. 
LEMMA 2.7. LetaEZ[e]andwritea=x-ye-‘withx,yEZ[e+e-’1. 
Then z(u) = 0 ifund only if 
n(x) = n(y) = k(A7B) 
for some k E GF(p). 
Proof: Let h = UB generate the cyclic group H = A/B. Suppose first that 
X(X) = n(v) = kf?. Then 
~(u)=n(x)-~(y)h-l=kfi(l -h-‘)=O. 
Conversely suppose z(u) = 0. Then n(x) = n(y)hK’. Let * denote the usual 
involution on the group ring GF(p) [H] given by h* = h-l. Since z(x) and 
n(y) are clearly fixed by *, applying * to the preceding equation yields 
T(X) = n(y)h. Hence 
n(y)h = n(x) = z(y)h-’ 
so n(y)(l - h*) = 0. Since p is odd, H = (h*) and we conclude that 
n(v) = kg for some k E GF(p). Then 
z(x)=n(y)hK1=ktih-‘=kfi 
and the result follows. 
3. DIHEDRAL GROUPS 
We are now ready to describe certain subgroups of U(Z[G]) for G a 
dihedral group of order 2~“. In the course of this work, a certain 2 x 2 
matrix ring construction occurs frequently. Thus for the sake of convenience 
we introduce the following notation. 
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be a commutative ring with an invoi~t~~~ 
f course 
is clown. 
the above is written with the ~ndersta~d~~g that the ~~v~~~tio~ (‘) 
Some properties of this construction are as fo~~~ws~ 
HENNA 3.1. Let R be a commutative ring with i~v~~~~~~~ (‘I* 
(9 M;(R) is a subring of M*(R). 
(ii) The usual adjoint map given by 
efines an involution on M:(R), that is, a ri ~t~~~tornor~~isrn 
(iii) a = (2, $) is a unit of MT(R) if a o&y tydet a = cc’ - 
Proo$ Parts (i) and (ii) are easily verified. For part (iii)> if a is a unit of 
f(R)s then it is a unit of M,(R) so certainly det a = cc’ - d$’ is a unit of 
. Conversely, if det a is a unit of R, then since (det a)’ = det a we see t 
a et a)-” (adj a) E MT(R). 
The next iemma shows why these rings are of interest. 
LEMMA 3.2. Let G = A(t) be the semidirect pr5duct of the ~be~ia~ grump 
A by the group (t) of order 2. Then ~onj~g~t~~~ by t defkes an ~~v~~~t~~~ q,f 
Z[A] and the map 
given by 
for a, /I E Z[A], is an isomorphism. 
P~oQ$ This can be verified directly or by the fo~~~wi~~ argument. Let 
X = Z[ G] and observe that X is a faithful right ~[~~-rno~~~e and a free ieft 
~[A~-mod~~e with basis { 1, t}. This implies t at Z[Gj is a ring of Z[A j 
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linear transformations on X and hence that Z[G] cM,(Z[A]). More 
precisely, if CL +/It E Z[G] with a, /3 E Z[A], then 
t++/3t>=p. 1+a’.t 
and hence the map 5: Z[G] + M,(Z[A]) is given by a +/It + ($ “,J. 
For the remainder of this section, c will denote the above map. AS a 
simple consequence we have 
LEMMA 3.3. Let y = a +Pt be a unit of finite order in U(Z[G]). If 
A fl3(G)= (l), then 
Furthermore, if y E 1 + w(A, G), then det c(y) = 1. 
ProoJ: Write w = c(y) so that w is a unit of finite order in Mz(Z[A 1). 
Furthermore, by Lemma 3.1 so is adj w and since w and adj w commute, we 
conclude that w . adj w = det w . 1 is also a unit of finite order. Now, by [9, 
Corollary II. 1.81, units of finite order in Z[A ] are trivial so det w = fg for 
some g E A. Furthermore, since (det w)‘= det w, we see that g E A must be 
central in G and hence, by assumption, g = 1 and det w = f 1. Finally 
suppose YE 1 + w(A, G) so that a E 1 + o(A) and PE w(A). Then by 
applying the augmentation map aug: Z[A] + Z to the expression 
det w = trot --/I/?‘, we conclude that aug (det w) = 1 and hence that det 
w= 1. 
For the remainder of the section we assume that A = (a) is cyclic of order 
p” for p > 2 and we use all the notation of the preceding section. 
Furthermore, we let G = A(t) be the dihedral group of order 2p”, where t is 
an element of order 2 acting on A by at = a-‘. 
Observe that if R and S are commutative rings with involution and if 19: 
R + S is a homomorphism preserving these involutions, then 8 extends to a 
natural homomorphism 
8”: M;(R) + M;(S). 
In particular, the four homomorphisms (T, r, rc, p of Section 2 give rise to 
homomorphisms 
o*: Mf(Z[A]) -+ kq(Z[E]), 
z*: Mf(Z[A]) -+ MgyZ[A/B]), 
TC*: @WC]) -WY@(P) [@I), 
P*: ~XZLWI)+%YG~(P) WI). 
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Here . gation by t yields the involution on Z[A 1, Z 
GLpl(P! j and complex conjugation is the ~~v~~~t~o~ on 
& = E. As an immediate consequence of Lemmas 2.4 and 3.2 we obtain 
kEMMA 3.4. The combined map 
(0” 0 t*>c: Z[G] -M;(Z[&]) 0 
is an ~somorph~sm of Z[G] with the subring S o~MT(Z[E]) 0 Mf(Z[Al 
given by 
s= {(x,y)ITc*(x)=p*(y)\. 
En view of Lemma 3.1 we know the units in and in view of 
Lemma 2.1 we know the units in S. However we will n ther ts ex~~~~it~y 
write this down. Of more interest to us is the subgroup of V = V(Z[G]) given 
bY 
LEMMA 3.5. The map 
0°C: Z[G] -M;(Z[e]) 
yields an isomorphism from K(B) to H = jh E f(Z[e]jldeth is a unit in 
Z[&] and 77*(h) = 1). 
Proof Let y = ct + Pt E K(B) and set k2 = CT*[(J). Since y E I + w 
we have a E 1 + w(B, A) and /I E w(B,A). It fohows from thi 
s*qy> = 1 so (CT” @ 7*> i(y) = (h, 1) and we obtain two conclusions of 
interest from Lemma 3.4. First since (cr* @ r*)c is one-to-one, we see that 
a*[ is one-to-one when restricted to K(B). Second, since (h, 1) E U(S) we see 
that h is a unit of MT(Z[s]) and n*(h) =p*(l) = 1. In view of Lemma 3.1, h 
is a unit in M$(Z[& ]) if and only if det h is a unii ther words, we 
have shown that 0°C yields a monomorphism of 
It remains to show that o*[ is onto and to this end let h E 
n*(k) = I =p*(l)? we see from Lemma21 that (h, 1) is a unit of S 
Lemma 3.4, there exists y = a + /3e E U(Z[G]) with (Ls* 0 r*) C(y) = (h, 1). 
ut r*@y) = 1 implies that r(a) = I and z@ 0. Thus a E 1 -1 w 
fw(B,A) and hence y=a+/3tE ‘ifw 
since a*&/) = h, the map is onto and the 1 
The goal now is to obtain a better understanding of 
isomorpbism. Let 
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and observe that 
I-‘=+- (,’ ;ll) EM,(Q[E]), 
where 3, = det I = E - E- ‘. If 
denotes conjugation by Z, then q is certainly a ring isomorphism. 
Let G&(Z[E + s-l]) denote the group of invertible 2 x 2 matrices over 
Z[E + E-‘1 and observe that the map 7~: Z[E] + GF(p) [A/B] yields a 
homomorphism 
75: G&(Z[E + E- ‘1) + GL,(GF(p) [A/B]). 
With this notation we have 
THEOREM 3.6. The combined map 
w*C: Z[Gl-, MztQ[~l) 
yields an isomorphism from K(B) to 
w= jw~G~,(z[&+~-‘])l~(~)= (; ;) +k($)( ‘, yl) 
for some k E GF(p) . 
ProoJ In view of Lemma 3.5 and the fact that q is a monomorphism, it 
suffices to show that I-‘HI = r(H) = W. 
Let h = (s g) E H so that det h is a unit in Z[E] and n*(h) = 1. The latter, 
of course, says that z(c) = 1 and z(d) = 0. According to Lemma 2.5 we can 
writec=C-E~-‘andd=D-F&-‘withC,D,B,FEZ[~+~-’].Itthen 
follows that 
(c - F)/,I = E, 
(CE - a-‘)/,? = C, 
and similarly 
(CE-‘-F&)/A=-C+E(E+E-‘) 
(d - z)/A = F, 
(deii?-‘)/3,=D, 
(de’-&-*)/A=-F+D(c+E-‘). 
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Now if 
then it follows easily from the above six equations that 
x=G-E(E+E-‘)+ 
y=-EfF, 
z=E-D(E+E-‘)+F9 
v=c-D 
observe that all these entries are contained in Z[E + E-‘]. Note that 
et h is a real unit of Z[E] and hence, by ~e~rna 2.5, det w  is a unit 
in Z[e + ~‘1. Thus w  E GL,(Z[& + E-I]). 
Since h E H, z*(h) = 1 so II(C - 1) = n(d) = 0. It then ~01~0~s from 
lemma 2.7 that there exist constants r, s E GE;(p) with 
n(C)- l=z(E)=r 
Hence by applying 71 to the above equations for X, y, z, u we obtain 
where we have set k = s - P E GF(p). Thus w  E 
Conversely Iet w  = (: ‘,) E W and observe that iwi-” = (’ !j), where 
c=(-xs-‘--z+y+v&)/a, 
d=(-xs-‘-z+ys-2+vs-1)/a. 
so n(y) = k(G) and 
0 = n(x) - 1 - n(y) = n(z) + n(y) = Z(V) - 1 + St(y). 
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Since the kernel of 71 restricted to Z[E + E-‘1 is the principal ideal generated 
by (E - ~-‘)(a - 6-l) = A(8 - S-l), by Lemma 2.6, we can therefore write 
x4(6-6-‘)x”+y+ 1, 
z =qs- s-*y-y, 
?l=qiL-‘)v”-y+ 1 
for suitable 2, 5, v” E Z[E + E-‘1. Substituting these in the above expressions 
for c and d we obtain easily 
c=(&6-‘)c”+y(l -&)(l--?)/A+ 1, 
d= (6 - S-‘)a+~(1 - &-‘)“/A 
for suitable c?, c?E Z[E]. Note that A = E - s-l = ~(1 - E-‘) is an associate of 
1 -s-l in Z[E], since p is odd, and hence (1 - &-‘)/A E Z[E]. Thus we see 
that c, d E Z[E]. Moreover since n(y) = k(D), we have 
7l(y(l - E)) = 0 = 7l(y(l -EC’)) 
and therefore R(C) = 1, n(d) = 0 and n*(h) = 1. Finally, det h = det w is a 
unit in Z[E + E-‘j c Z[E] so we conclude that h E H. Thus q(H) 1 W and 
the theorem is proved. 
We remark that the above result yields a quite explicit formulation for 
K(B) since the map 71: Z[E + s-l] -+ GF(p) [A/B] is well understood in view 
of Lemma 2.6. Furthermore (E - sP1)p”-‘-l E Z[E + s-l] and it is easy to see 
that X((E - E-‘~~~‘-’ ) =a. We will discuss this group in more detail at 
the beginning of the next section. 
We close this section with an application, namely, we compute U(Z[G]) 
for G dihedral of order 2p. This generalizes the work of [4] which considered 
groups of order 6 and our formulation here parallels that of [4]. In the 
following, again let 6 be a primitive pth root of unity and let rr: Z[S] + 
GF(p) be the homomorphism with kernel (6 - 8-l) Z[S]. This is obtained 
from Lemma 2.3 by setting n = 1. If X, y E Z[S] we write x -y(n) if and 
only if 7r(x) = 7r(y). 
THEOREM 3.1. Let G be a dihedral group of order 2p for p an odd 
prime. Then U(Z[G]) is isomorphic to the subgroup of GL,(Z[G + S-l]) 
given by all w = (: ‘,) such that 
detw-i-l(n) x+z=y+zl= &l(rc). 
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Proof. Setting n = I in the previous theorem, we have A = 
and hence the map ya*[ yields the isomorphism 
1 
w E GL,(Z[G + F’]) /E(W) = 
for some k E GF(p) . 
i 
Now consider the natural homomorphism U(Z[G]) + U(Z[G/A ]) with 
kernel K(A). Since Z[G/A] E Z[(t)] is k nown to have only trivial units, we 
see that {-f 1, ZII t } c G maps onto U(Z[G/A 1) and hence we 
K(A) * (A (e)). Furthermore we easily compute 
It therefore follows that ya*C: U(Z[G])-+ GL,(ZjS+SP!]) is a 
h0 hism into and it remains to compute the kernel an 
from the above that if w E GL,(Z[6 + S-r]) is in the image of 
U(Z[G]), then 
E(w) = I!c 
i 
I+k k 
-k 
l-k 
or i 
corresponding to the four cosets of K(A) in U(Z(G]) = K(A) ~ (& (c)). 
f(w) = 1 can only occur if w is in the image of K(A), so we concl 
immediately that yo*c is a monomorphism on U(Z]G]). Next we see that 
varying k E GF(p), we obtain precisely 4p different possibilities for F?(W) = 
(i j) all of which satisfy the equations 
det 77(w) = f B, r+e=sSf=i%. 
n the other hand, it is easy to verify that there are at most 4~ solutions of 
these equations over GF(p). Hence the image of U(Z[G]) is precisely ah 
those w = (c :) E GL,(Z[6 + 6-l]) satisfying 
det w = + l(n), x+z-y+u-il(Tr). 
This completes the proof. 
Another characterization of U(Z[G]) can be found in [3]. 
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4. ABELIAN SUBGROUPS OF INDEX 2 
We are now in a position to prove that the normal complement given by 
Lemma 1.10 is indeed torsion-free. To this end, we first consider the dihedral 
groups of order 2p” and use the formulation of K(B) as given in 
Theorem 3.6. 
LEMMA 4.1. Let A = (a) be a normal cyclic subgroup of G and let B be 
a subgroup of A. If T= {t ,,, 1 ,..., tk} is a transversal for A in G with t, = 1, t 
then 
(i) W(A)’ f7 o(B, A) = o(B) . o(A), 
(ii) W(A) . w(G) n w(B, G) = w(B) . w(A) + Ci>,, w(B, A) . (ti - 1). 
ProoJ: (i) The right-hand side is certainly contained in the left. 
Conversely, let a E w(A)‘n w(B, A). If [A :B] = q, then B = (aq) and we 
have 
a=(a-1)2~=(aq-l)y 
for some p, y E Z[A]. Thus 
(a-l) [(a-l)/3-(1+a+.~~+aq-‘)y]=0 
and 
(a- 1)/3-(1 +a+... +a’-‘)yEann(a-l)=A.Z[A]. 
But observe that 
(l+a+ . . . + aq-l)g =a 
so we can write 
(a-l)/3-(1+a+U~.+aq-‘)y=(1+a+...+aq-1)6 
for some 6 E Z[A]. Hence 
(a-1)/3=(1+a+..*+aq-‘)(y+6). 
BY applying the augmentation map to this expression, we see that 
~+6Ecu(A) so y+6=(a- ljp. Therefore 
(a-l)/I=(l+a+... + a”-‘)(a - 1)~ = (a9 - 1)~ 
and 
UNITS IN INTEGRAL GROUP RINGS 233 
(ii) It is trivial to see that the second ex ression is contained in the 
first. Now suppose 
a E w(A). w(G) f~ o 
Then by Lemma 1.5, since a E w(A) a w(G), we ciin write 
a=a,+ 2] ai(ti- 1) 
i>O 
with cri E o(A) for i > 0 and a0 E We. Observe that 
and that 
a E o(B, 6). 
c A, we conclude that ai E w(B, A), CDP i > 0 and then t 
and part (i) completes the proof. 
The following result is the culmination of the work of t 
sections. Unfortunately, because of certain left-right choi 
made, the formulation given there does not quite mesh with the choice of N 
as given in Section 1. However this is easil remedied using the usual 
involution *: Z[G] --t Z[G] given by g* = g-r. bserve that if A (1 G, then 
6) = w(A) + Z[G] = ZIG] . w(A) is a *-invariant ideal. 
3 the ideal w(A) . w(G) is in general not *-invariant. 
EEMMA 4.2. Let G = A(t) be the dihedral group of order 2p” with A 
cyclic of order pn, p > 2. If 
N= V(Z[G])n (1 + w(A). w(G)>, 
then N has no elements of order p. 
ProojI e proceed by induction on n, the case 12 = 0 being trivial, 
Suppose now that n > 0, let B be the subgroup sf A of order p and use the 
rotation of the previous two sections. Furthermore set 
I = w(A) . w(G) n w(B, 6). 
We proceed in a series of three steps. 
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Step 1. Let W,,= {w E GL,(Z[c + E-‘])lf(w)= 1). Then W,, has no 
elements of order p. 
ProoJ Suppose by way of contradiction that w = (z z) E W, has order p. 
Then det w is a pth root of unity contained in the real ring Z[E + E- ‘1 so det 
w = 1 since p >, 2. Moreover w satisfies the separable polynomial Wp = 1 and 
hence it is a diagonalizable matrix. It follows from all of this that the eigen- 
values of w are p, ,K’ where ,U is some primitive p th root of unity. By taking 
a power of w if necessary we can clearly assume that p = 6*. 
Now w E w, implies that Y?(W) = 1 so z(x)= X(U)= 1 and 
n(y) = X(Z) = 0. It therefore follows from Lemma 2.6 that 
x= 1 + (6-6-1)(&-&-‘)~, 
y = (6 - dK’)(& - &K’)y”, 
z = (6 - a-‘)(& - E-y, 
v= 1 +(6-P)(&---‘)ZI” 
for suitable 2, ~7, 5, 5E Z[E + ~‘1. 
Computing the trace of the matrix w we have 
6* + E2 = trace w =x + v. 
=2+(6-6-1)(&-&-‘)(df+z7) 
so 
(6-6-1)(&-&-1)(~+q=8*+~-*-2 
= (6 - 6- I)*. 
Finally computing det w we obtain 
and hence 
1 =detw=xv-yz 
= 1 + (&6-‘)(E-&-‘)(X”+q 
+ (6 - d-l)* (E - E-l)* (E-yiJ 
(6-6-‘)*(&-&-‘)*(~GJE)=-(8-~-‘)(&-&-’)(X”+q 
= +j - a- I)*. 
This yields 
a contradiction since E - E -’ is not a unit in Z[E + E-‘1 by Lemma 2.3. 
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step 2. V(Z[G]) n (1 + I) has no elements of order p. 
ProoJ If * denotes the usual involution on Z/G], then it suffmes to prove 
instea that Vn (1 + I*) has no elements of order p. ~~rt~errno~e~ 
applying * to the formula of Lemma 4.1 (ii)> we have 
1*=~0u(A).w(B)+(t-I).w 
= (a - 1)(6- l)Z[A] + (t- I)@-- l.)Z[Aj. 
e claim that ~@cr*<(I*) = 0. To this end, set d/ 
Then simple computation yields 
he computation of 6= 7%*{(b) is more ~orn~~~~at~d, but it is ~~ne~essar~ 
since b E K(B) implies, by Theorem 3.6, that 
for some k E GF(p). (Actually k = - 1.) With these expressions, since 
-I = fi9 we see easily that 
(L- I)(&- 1) = 0 = (t”- i)(b- B) 
e from this that ya*< yields a homom’ sm 0f vn (a + I*) 
oreover, I* s w(B, G), so Vf7 (1 + I*) ) and hence 475°C is 
one-to-one on Vn (1 + I*). Since WO has no elements 
Step 1, we deduce that V f’ (1 + I*) has no elements of or 
step 3. N has no elements of order p. 
Proofi Suppose a E N satisfies CE~ = 1. Then the image p of a in Z[G/ 
is certainly an element of 
W2’WI) n Cl+ dA/W. 
satisfying ,P = 1. By induction, /? = 1 and we see that 
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Moreover, by definition of N and I, this implies that a E Vn (1 + 1). Thus 
a = 1 by Step 2 and the lemma is proved. 
Observe that if G is abelian, then G has a torsion-free normal complement 
in V by Proposition 1.8. We can now obtain our main result. 
THEOREM 4.3. Let G have a normal abelian subgroup A of index 2. 
Then 
N = V(Z[G]) n (1 + w(A) . o(G)) 
is a torsion-free normal complement for G in V. 
ProoJ We know by Lemma 1.10 that N is a normal complement for G 
in V. It remains to show that N is torsion-free. To this end, we proceed by 
induction on IA ], the case IA 1 = 1 being trivial. Suppose by way of 
contradiction that A has minimal order with N not torsion-free. Say N has an 
element a of prime order p. 
Step 1. Anj(G)=(l) and h ence G= A(t) is a dihedral group with 
I A / odd. 
Proof. Say W= A f7 3(G) # (1) and note that W (1 G. Then under the 
homomorphism -: ZIG] -+ Z[G/W] we see clearly, by induction, that E = 1. 
Thus LT E 1 + w(W, G) and hence, by Lemma 1.3, a =x for some 
xE WE:G. ButthenaENf?G=(l)soa=l,acontradiction. 
Since A n 3(G) = (l), the group G/A of order 2 acts fixed point free on 
A. It then follows immediately that IA I is odd and that G/A acts dihedrally 
on A. Finally I GJ is even, so G has an element t of order 2 and then 
G = A(t). 
Step 2. Let A: A --t (E) be a linear character of A into the complex 
numbers and extend A to homomorphisms 
,I*<: Z[G] -+M;(Z[e]) 
and 
where [ is the homomorphism of Lemma 3.2. If A is not faithful on A, then 
1*&a) = 1. In particular, A is cyclic. 
ProoJ If ;1 is not faithful, let B # (1) be the kernel of d. Note that 
B C! G since G is dihedral. Now certainly there is a linear character p of 
A/B such that d is the combined map 
A: A -+ A/B P, (E). 
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ut then A*[ is easily seen to be the combined map. 
A*(: Z(G] -5 Z[G/B] % 
and smce q(a) = I, by induction, we have A*C(a> = 1. 
Suppose A is not cyclic. Then certainly no iinear character is faithful on 
[A] is semisimple, we have Q[A] = @ Cf Fi, a direc 
sponding to the linear characters A, ) AZ,..., A., of A. 
A~[(cx) = 1 for all t implies that c(o) = 1 and hence that a = I since c is an 
is~rnor~~~srn~ 
Step 3, Completion of the proof. 
Pt-005 e know that A is a cyclic group, say of order M. l-m, 
L?[A]=@ s F,, 
dim 
that 
ccl] and cd is a primitive dth root of unity. Eat 
a linear character A, and the only faithful one is 
dim, Fd = o(d), 
where (o is the Euler q-function. 
In view of Lemma 3.2, the maps A,*( corn ine to yield an isome 
and clearly 
dim, Mz(8.d) = 2$0(d). 
~~rthcr-mo~e, we note from Lemma 3.3 that det [(a$ = I, since 
u E 1 i CO@, G>? and hence that det @[(a> = 1 for ali d. 
The goal now is to compute the trace of M in the regular representation on 
Q[G]. Ef d # m, then il, is not faithful on A so .a$ <(a) = 1 by Step 2. This 
shows that c1 acts like 1 on 
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so all the eigenvalues of a on this subspace are equal to 1. Thus we have 
obtained so far 
dim, Q[G] - dim, Mg(F,) = 2m - 2q(m) 
eigenvalues equal to 1. 
Now CL # 1 so it follows that w = Azr(a) # 1. As we observed above, 
det w = 1 and since w satisfies the separable polynomial Wp - 1 = 0 we see 
that w is diagonalizable. This all implies that w, as a 2 x 2 matrix, has eigen- 
values ,u, ,K ’ for some primitive pth root of unity ,u. In other words, w - 1 is 
not a zero divisor in Mf (F,) and since 1 E Q, this implies that a has no 
eigenvalues equal to 1 in Mf(F,). 
If 6 denotes a primitive complex pth root of unity, then since op = 1 we 
have therefore shown that 
P--l 
tracea = C a,8 
0 
with 2i-l ai = dim, Q[G] = 2m and a, = 2m - 2177(m). On the other hand, 
since (r # * 1, Lemma l.l(ii) implies that trace CI = 0. Thus 0 = CiP’ a,8 
and the nature of the minimal polynomial for 6 implies that all ai are equal. 
Therefore zip’ ai = 2m yields a, = 2m/p and then 
2m/p = a, = 2m - 2yl(m) 
yields q(m) = (p - 1)/p . m. 
We conclude from the latter equation first that p 1 m and then that m =p” 
for some n. Furthermore, since IA I= m is odd, by Step 1, we have p > 2. In 
other words, G = A (t) is a dihedral group of order 2p”, precisely the type of 
group considered in Lemma 4.2. But that lemma asserts that N has no 
elements of order p. This is the final contradiction and the theorem is proved. 
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